The Higgs sector of the Minimal Supersymmetric Model (MSSM) is a CPconserving two-Higgs doublet model that depends, at tree-level, on two Higgs sector parameters. In order to accurately determine the phenomenological implications of this model, one must include the effects of radiative corrections. The leading contributions to the one-loop radiative corrections are exhibited; large logarithms are resummed by the renormalization group method. Implications for Higgs phenomenology are briefly discussed. 
Introduction
The Standard Model with minimal Higgs content is not expected to be the ultimate theoretical structure responsible for electroweak symmetry breaking [1, 2] . If the Standard Model is embedded in a more fundamental structure characterized by a much larger energy scale (e.g., the Planck scale, which must appear in any theory of fundamental particles and interactions that includes gravity), the Higgs boson would tend to acquire mass of order the largest energy scale due to radiative corrections. Only by adjusting (i.e., "fine-tuning") the parameters of the Higgs potential "unnaturally" can one arrange a large hierarchy between the Planck scale and the scale of electroweak symmetry breaking [3, 4] . The Standard Model provides no mechanism for this, but supersymmetric theories have the potential to address these issues. In a supersymmetric theory, the size of radiative corrections to scalar squared-masses is limited by the exact cancelation of quadratically divergent contributions from loops of particles and their supersymmetric partners. Since supersymmetry is not an exact symmetry at low energies, this cancelation must be incomplete, and the size of the radiative corrections to the Higgs mass is controlled by the extent of the supersymmetry breaking. The resolution of the naturalness and hierarchy problems requires that the scale of supersymmetry breaking should not exceed O(1 TeV) [5] . Such "low-energy" supersymmetric theories are especially interesting in that, to date, they provide the only theoretical framework in which the problems of naturalness and hierarchy can be resolved while retaining the Higgs bosons as truly elementary weakly coupled spin-0 particles.
The Minimal Supersymmetric extension of the Standard Model (MSSM) contains the Standard Model particle spectrum and the corresponding supersymmetric partners [6, 7] . In addition, the MSSM must possess two Higgs doublets in order to give masses to up and down type fermions in a manner consistent with supersymmetry (and to avoid gauge anomalies introduced by the fermionic superpartners of the Higgs bosons). In particular, the MSSM Higgs sector is a CP-conserving two-Higgs-doublet model, which can be parametrized at tree-level in terms of two Higgs sector parameters. This structure arises due to constraints imposed by supersymmetry that determine the Higgs quartic couplings in terms of electroweak gauge coupling constants.
In section 2, I review the general structure of the (nonsupersymmetric) twoHiggs-doublet extension of the Standard Model. By imposing the constraints of supersymmetry on the quartic terms of the Higgs potential (and the Higgs-fermion interaction) one obtains the Higgs sector of the MSSM. The tree-level predictions of this model are briefly summarized in section 3. The inclusion of radiative corrections in the analysis of the MSSM Higgs sector can have profound implications. The most dramatic effect of the radiative corrections on the MSSM Higgs sector is the modification of the tree-level mass relations of the model. The leading oneloop radiative corrections to MSSM Higgs masses are described in section 4. These include the full set of one-loop leading logarithmic terms, and the leading third generation squark-mixing corrections. In section 5, the leading logarithms are resummed to all orders via the renormalization group technique. A simple analytic formula is exhibited which serves as an excellent approximation to the numerically integrated renormalization group equations. Numerical examples demonstrate that the Higgs masses computed in this approximation lie within 2 GeV of their actual values over a very large fraction of the supersymmetric parameter space. Finally, some implications of the radiatively-corrected Higgs sector are briefly explored in section 6. Certain technical details are relegated to the appendices.
The Two-Higgs Doublet Model
I begin with a brief review of the general (non-supersymmetric) two-Higgs doublet extension of the Standard Model [8] . Let Φ 1 and Φ 2 denote two complex Y = 1, SU(2) L doublet scalar fields. The most general gauge invariant scalar potential is given by
In most discussions of two-Higgs-doublet models, the terms proportional to λ 6 and λ 7 are absent. This can be achieved by imposing a discrete symmetry Φ 1 → −Φ 1 on the model. Such a symmetry would also require m 12 = 0 unless we allow a soft violation of this discrete symmetry by dimension-two terms.
1 For the moment, I will refrain from setting any of the coefficients in eq. (1) to zero. In principle, m 2 12 , λ 5 , λ 6 and λ 7 can be complex. However, for simplicity, I shall ignore the possibility of CP-violating effects in the Higgs sector by choosing all coefficients in eq. (1) to be real. The scalar fields will develop non-zero vacuum expectation values if the mass matrix m 2 ij has at least one negative eigenvalue. Imposing CP invariance and U(1) EM gauge symmetry, the minimum of the potential is
where the v i are assumed to be real. It is convenient to introduce the following notation:
Of the original eight scalar degrees of freedom, three Goldstone bosons (G ± and G 0 ) are absorbed ("eaten") by the W ± and Z. The remaining five physical Higgs particles are: two CP-even scalars (h 0 and H 0 , with m h 0 ≤ m H 0 ), one CP-odd scalar (A 0 ) and a charged Higgs pair (H ± ). The mass parameters m 11 and m 22 can be eliminated by minimizing the scalar potential. The resulting squared masses for the CP-odd and charged Higgs states are
The two CP-even Higgs states mix according to the following squared mass matrix:
where s β ≡ sin β and c β ≡ cos β. The physical mass eigenstates are
The corresponding masses are
and the mixing angle α is obtained from
The phenomenology of the two-Higgs doublet model depends in detail on the various couplings of the Higgs bosons to gauge bosons, Higgs bosons and fermions. The Higgs couplings to gauge bosons follow from gauge invariance and are thus model independent. For example, the couplings of the two CP-even Higgs bosons to W and Z pairs are given in terms of the angles α and β by
where
There are no tree-level couplings of A 0 or H ± to V V . Gauge invariance also determines the strength of the trilinear couplings of one gauge boson to two Higgs bosons. For example,
and H 0 to vector boson pairs or vector-scalar boson final states is proportional to either sin(β − α) or cos(β − α) as indicated below [1, 10] .
Note in particular that all vertices in the theory that contain at least one vector boson and exactly one non-minimal Higgs boson state (H 0 , A 0 or H ± ) are proportional to cos(β − α).
The 3-point and 4-point Higgs self-couplings depend on the parameters of the two-Higgs-doublet potential [eq. (1)]. The Feynman rules for the trilinear Higgs vertices are listed in Appendix A. The Feynman rules for the 4-point Higgs vertices are rather tedious in the general two-Higgs-doublet model and will not be given here.
The Higgs couplings to fermions are model dependent, although their form is often constrained by discrete symmetries that are imposed in order to avoid treelevel flavor changing neutral currents mediated by Higgs exchange [11] . An example of a model that respects this constraint is one in which one Higgs doublet (before symmetry breaking) couples exclusively to down-type fermions and the other Higgs doublet couples exclusively to up-type fermions. This is the pattern of couplings found in the MSSM. The results in this case are as follows. The couplings of the neutral Higgs bosons to ff relative to the Standard Model value, gm f /2m W , are given by (using 3rd family notation)
(the γ 5 indicates a pseudoscalar coupling), and the charged Higgs boson coupling to fermion pairs (with all particles pointing into the vertex) is given by
The pattern of couplings displayed above can be understood in the context of the decoupling limit of the two-Higgs-doublet model [12, 13] . First, consider the Standard Model Higgs boson (φ 0 ). At tree-level, the Higgs self-coupling is related to its mass. If λ is the quartic Higgs self-interaction strength [see eq. (47)
2 . This means that one cannot take m φ 0 arbitrarily large without the attendant growth in λ. That is, the heavy Higgs limit in the Standard Model exhibits non-decoupling. In models of a non-minimal Higgs sector, the situation is more complex. In some models (with the Standard Model as one example), it is not possible to take any Higgs mass much larger than O(v) without finding at least one strong Higgs self-coupling. In other models, one finds that the non-minimal Higgs boson masses can be taken large at fixed Higgs self-couplings. Such behavior can arise in models that possess one (or more) off-diagonal squared-mass parameters in addition to the diagonal scalar squared-masses. In the limit where the off-diagonal squared-mass parameters are taken large [keeping the dimensionless Higgs selfcouplings fixed and < ∼ O(1)], the heavy Higgs states decouple, while both light and heavy Higgs bosons remain weakly-coupled. In this decoupling limit, exactly one neutral CP-even Higgs scalar remains light, and its properties are precisely those of the (weakly-coupled) Standard Model Higgs boson. That is, h 0 ≃ φ 0 , with is approximately equal to the common heavy Higgs mass scale). In contrast, if the non-minimal Higgs sector is weakly coupled but far from the decoupling limit, then h 0 is not separated in mass from the other Higgs states. In this case, the properties 2 of h 0 differ significantly from those of φ 0 . Below, I exhibit the decoupling limit of the most general CP-even two-Higgsdoublet model [13] . It is convenient to define four squared mass combinations:
and cos
Note that eq. 2 The basic property of the Higgs coupling strength proportional to mass is maintained. But, the precise coupling strength patterns of h 0 will differ from those of φ 0 in the non-decoupling limit.
Although no experimental evidence for the Higgs boson yet exists, there are some experimental as well as theoretical constraints on the parameters of the twoHiggs doublet model. Experimental limits on the charged and neutral Higgs masses have been obtained at LEP. For the charged Higgs boson, m H ± > 44 GeV [14] . This is the most model-independent bound and assumes only that the H ± decays dominantly into τ + ν τ , cs and cb. The LEP limits on the masses of h 0 and A 0 are obtained by searching simultaneously for e + e − → h 0 ff and e + e − → h 0 A 0 , which are mediated by s-channel Z-exchange [15] . The ZZh 0 and Zh 0 A 0 couplings that govern these two decay rates are proportional to sin(β − α) and cos(β − α), respectively. Thus, one can use the LEP data to deduce limits on m h 0 and m A 0 as a function of sin(β − α). Stronger limits can be obtained in the MSSM where sin(β−α) is determined by other model parameters. At present, taking into account data from LEP-1 and the most recent LEP-2 data (at √ s = 161 and 172 GeV), one can exclude the MSSM Higgs mass ranges: m h 0 < 62.5 GeV (independent of the value of tan β) and m A 0 < 62.5 GeV (assuming tan β > 1) [16] . The experimental information on the parameter tan β is quite meager. For definiteness, let us assume that the Higgs-fermion couplings are specified as in eq. (15) . The Higgs coupling to top quarks is proportional to gm t /2m W , and is therefore the strongest of all Higgs-fermion couplings. For tan β < 1, the Higgs couplings to top-quarks are further enhanced by a factor of 1/ tan β. As a result, some experimental limits on tan β exist based on the non-observation of virtual effects involving the H − tb coupling. Clearly, such limits depend both on m H ± and tan β. The most sensitive limits are obtained from the measurements of B 0 -B 0 mixing and the widths of b → sγ and Z → bb [17] . For example, the process b → sγ can be significantly enhanced due to charged Higgs boson exchange. If there are no other competing non-Standard Model contributions (and this is a big if), then present data excludes charged Higgs masses less than about 250 GeV [18] (independent of the value of tan β). In some regions of tan β, the limits on the charged Higgs mass can be even more severe. However, other virtual contributions may exist that can cancel the effects of the charged Higgs exchange. For example, in the MSSM, constraints on tan β and m H ± are significantly weaker. For tan β ≫ 1, the Higgs couplings to bottom-quarks are enhanced by a factor of tan β. In this case, the measured rate for the inclusive decay of B → X +τ ν τ can be used to set an upper limit on tan β as a function of the charged Higgs mass. This is accomplished by setting a limit on the contribution of the tree-level charged Higgs exchange. Present data can be used to set a 2σ upper bound of tan β < 42(m H ± /m W ) [19] . In the MSSM, this bound could be weakened due to one-loop QCD corrections mediated by the exchange of supersymmetric particles [20] .
Theoretical considerations also lead to bounds on tan β. The crudest bounds arise from unitarity constraints. If tan β becomes too small, then the Higgs coupling to top quarks becomes too strong. In this case, the tree-unitarity of processes involving the Higgs-top quark Yukawa coupling is violated. Perhaps this should not be regarded as a theoretical defect, although it does render any perturbative analysis unreliable. A rough lower bound advocated by Ref. [21] , tan β > ∼ 0.3, corresponds to a Higgs-top quark coupling in the perturbative region. A similar argument involving the Higgs-bottom quark coupling would yield tan β < ∼ 120. A more solid theoretical constraint is based on the requirement that Higgs-fermion Yukawa couplings remain finite when running from the electroweak scale to some large energy scale Λ. Above Λ, one assumes that new physics enters. The limits on tan β depend on m t and the choice of the high energy scale Λ. Using the renormalization group equations given in Appendix B, one integrates from the electroweak scale to Λ (allowing for the possible existence of a supersymmetry-breaking scale, m Z ≤ M SUSY ≤ Λ), and determines the region of tan β-m t parameter space in which the Higgs-fermion Yukawa couplings remain finite. This exercise has recently been carried out at two-loops in Ref. [22] . Suppose that the low-energy theory at the electroweak scale is the MSSM, and that there is no additional new physics below the grand unification scale of Λ = 2 × 10 16 GeV. Then, for m t = 170 GeV, the Higgs-fermion Yukawa couplings remain finite at all energy scales below Λ if 1.5 < ∼ tan β < ∼ 65. Note that this result is consistent with the scenario of radiative electroweak symmetry breaking in low-energy supersymmetry based on supergravity, which requires that 1 < ∼ tan β < ∼ m t /m b .
The Higgs Sector of the MSSM at Tree Level
The Higgs sector of the MSSM is a CP-conserving two-Higgs-doublet model, with a Higgs potential whose dimension-four terms respect supersymmetry and with restricted Higgs-fermion couplings in which Φ 1 couples exclusively to downtype fermions while Φ 2 couples exclusively to up-type fermions [8] . Using the notation of eq. (1), the quartic couplings λ i are given by
Radiative Corrections to the MSSM Higgs Masses
Overview
The tree-level results of the previous section are modified when radiative corrections are incorporated. Naively, one might expect radiative corrections to have a minor effect on the phenomenological implications of the model. However, in the MSSM, some of the tree-level Higgs mass relations may be significantly changed at one-loop, with profound implications for the phenomenology. For example, consider the tree-level bound on the lightest CP-even Higgs boson of the MSSM:
The LEP-2 collider (running at its projected maximum center-of-mass energy of 192 GeV, with an integrated luminosity of 150 pb −1 ) will discover at least one Higgs boson of the MSSM if m h 0 ≤ m Z [15] . Thus, if the treelevel Higgs mass bound holds, then the absence of a Higgs discovery at LEP would rule out the MSSM. However, when radiative corrections are included, the light Higgs mass upper bound may be increased significantly. In the one-loop leading logarithmic approximation [23, 24] 
where Mt 1 , Mt 2 are the masses of the two top-squark mass eigenstates. Observe that the Higgs mass upper bound is very sensitive to the top mass and depends logarithmically on the top-squark masses. In addition, due to the increased upper bound for m h 0 , the non-observation of a Higgs boson at LEP-2 cannot rule out the MSSM. Although eq. (30) provides a rough guide to the Higgs mass upper bound, it is not sufficiently precise for LEP-2 phenomenology, whose Higgs mass reach depends delicately on the MSSM parameters. In addition, in order to perform precision Higgs measurements and make comparisons with theory, more accurate results for the Higgs sector masses (and couplings) are required. The radiative corrections to the Higgs mass have been computed by a number of techniques, and using a variety of approximations such as effective potential [24, 25, 26, 27, 28] and diagrammatic methods [23, 29, 30, 31, 32, 33, 34] . Complete one-loop diagrammatic computations of the MSSM Higgs masses have been presented by a number of groups [34] ; the resulting expressions are quite complex, and depend on all the parameters of the MSSM. (The dominant two-loop next-to-leading logarithmic results are also known [33] .) Moreover, as noted above, the largest contribution to the one-loop radiative corrections is enhanced by a factor of m The renormalization group (RG) techniques for resumming the leading logarithms has been developed by a number of authors [35, 36, 37] . The computation of the RG-improved one-loop corrections requires numerical integration of a coupled set of RG equations [37] . Although this program has been carried out in the literature, the procedure is unwieldy and not easily amenable to large-scale MonteCarlo analyses. Recently, two groups have presented a simple analytic procedure for accurately approximating m h 0 . These methods can be easily implemented, and incorporate both the leading one-loop and two-loop effects and the RG-improvement. Also included are the leading effects at one loop of the supersymmetric thresholds (the most important effects of this type are squark mixing effects in the third generation). Details of the techniques can be found in Refs. [38] and [28] . Here, I simply quote two specific bounds, assuming m t = 175 GeV and Mt < ∼ 1 TeV:
GeV if top-squark mixing is negligible, while m h 0 < ∼ 125 GeV if top-squark mixing is "maximal". Maximal mixing corresponds to an off-diagonal squark squared-mass that produces the largest value of m h 0 . This mixing leads to an extremely large splitting of top-squark mass eigenstates.
The charged Higgs mass is also constrained in the MSSM. At tree level, m H ± is given by eq. (23), which implies that charged Higgs bosons cannot be pair produced at LEP-2. Radiative corrections modify the tree-level prediction, but the corrections are typically smaller than the neutral Higgs mass corrections discussed above. Although m H ± ≥ m W is not a strict bound when one-loop corrections are included, the bound holds approximately over most of MSSM parameter space (and can be significantly violated only when tan β is well below 1, a region of parameter space that is theoretically disfavored).
In the remainder of this section, I shall present formulae which exhibit the leading contributions to the one-loop corrected Higgs masses. Symbolically,
where the subscript 1LL refers to the tree-level plus the one-loop leading logarithmic approximation to the full one-loop calculation, and the subscript mix refers to the contributions arising from q L -q R mixing effects of the third generation squarks. The CP-even Higgs mass-squared eigenvalues are then obtained by using eq. (7) and the corresponding mixing angle, α, is obtained from eq. (8).
In the simplest approximation, squark mixing effects are neglected and the supersymmetric spectrum is characterized by one scale, called M SUSY . We assume that M SUSY is sufficiently large compared to m Z such that logarithmically enhanced terms at one-loop dominate over the non-logarithmic terms.
3 In this case, the full one-loop corrections (e.g., obtained by a diagrammatic computation) are well approximated by the one-loop leading logarithmic approximation. Next, we incorporate the effects of squark mixing, which constitute the largest potential source of non-logarithmic one-loop corrections. In particular, these contributions to the Higgs mass radiative corrections arise from the exchange of the third generation squarks. Now, the approximation is parameterized by four supersymmetric parameters: M SUSY (a common supersymmetric particle mass) and the third generation squark mixing parameters: A t , A b and µ. A more comprehensive set of formulae can be derived by treating the third generation squark sector more precisely by accounting for non-degenerate top and bottom squark masses. This approximation is characterized by seven supersymmetric parameters-the three squark mixing parameters mentioned above, three soft-supersymmetry-breaking diagonal squark mass parameters, M Q , M U , and M D , and a common supersymmetry mass parameter M SUSY which characterizes the masses of the first two generations of squarks, the sleptons, the charginos, and the neutralinos.
Given an approximation to the one-loop Higgs mass (at some level of approximation as described above), one must incorporate the RG-improvement if M SUSY ≫ m Z . A simple analytic procedure of Ref. [38] is described in the section 5, and some numerical results are presented there. Similar results have also been obtained by Carena and collaborators, where analytic approximations to the RG-improved radiatively corrected MSSM Higgs masses are also developed [28] . Although the approaches are somewhat different, the numerical results (in cases which have been compared) typically agree to within 1 GeV in the evaluation of Higgs masses.
One-Loop Leading Logarithmic Corrections to the MSSM Higgs Masses
The leading logarithmic expressions for Higgs masses can be computed from the one-loop renormalization group equations (RGEs) of the gauge and Higgs selfcouplings, following Ref. [37] . The method employs eqs. (4) and (5), which are evaluated by treating the λ i as running parameters evaluated at the electroweak scale, M weak . In addition, we identify the W and Z masses by
where the running gauge couplings are also evaluated at M weak . Of course, the gauge couplings, g and g ′ are known from experimental measurements which are performed at the scale M weak . The λ i (M 2 weak ) are determined from supersymmetric boundary conditions at M SUSY and RGE running down to M weak . That is, if supersymmetry were unbroken, then the λ i would be fixed according to eq. (22) . Since supersymmetry is broken, we regard eq. (22) as boundary conditions for the running parameters, valid at (and above) the energy scale M SUSY . That is, we take
),
in accordance with the tree-level relations of the MSSM. At scales below M SUSY , the gauge and quartic couplings evolve according to the renormalization group equations (RGEs) of the non-supersymmetric two-Higgs-doublet model given in eqs. (B.5)-(B.7). These equations are of the form:
where µ is the energy scale, and the p i are the parameters of the theory (
The relevant β-functions can be found in Appendix B. The boundary conditions together with the RGEs imply that, at the leading-log level, λ 5 , λ 6 and λ 7 are zero at all energy scales. Solving the RGEs with the supersymmetric boundary conditions at M SUSY , one can determine the λ i at the weak scale. The resulting values for λ i (M weak ) are then inserted into eqs. (4) and (5) to obtain the radiatively corrected Higgs masses. Having solved the one-loop RGEs, the Higgs masses thus obtained include the leading logarithmic radiative corrections summed to all orders in perturbation theory.
The RGEs can be solved by numerical analysis on the computer. In order to derive the one-loop leading logarithmic corrections, it is sufficient to solve the RGEs iteratively. In first approximation, we can take the right hand side of eq. (34) to be independent of µ 2 . That is, we compute the β i by evaluating the parameters p i at the scale µ = M SUSY . Then, integration of the RGEs is trivial, and we obtain
This result demonstrates that the first iteration corresponds to computing the oneloop radiative corrections in which only terms proportional to ln M 2 SUSY are kept. It is straightforward to work out the one-loop leading logarithmic expressions for the λ i and the Higgs masses. 
The terms proportional to the number of generations N g = 3 and the number of Higgs doublets N H = 2 that remain in the low-energy effective theory at the scale µ = m W have their origin in the running of g 2 from M SUSY down to m W . In deriving this expression, I have taken M weak = m W . This is a somewhat arbitrary decision, since another reasonable choice would yield a result that differs from eq. (36) by a non-leading logarithmic term. Comparisons with a more complete calculation show that one should choose M weak = m W in computations involving the charged Higgs (and gauge) sector, and M weak = m Z in computations involving the neutral sector.
The above analysis also assumes that m t ∼ O(m W ). Although this is a good assumption, we can improve the above result somewhat by decoupling the (t, b) weak doublet from the low-energy theory for scales below m t . The terms in eq. (36) that are proportional to m 2 t and/or m 2 b arise from self-energy diagrams containing a tb loop. Thus, such a term should not be present for m W ≤ µ ≤ m t . In addition, we recognize the term in eq. (36) proportional to the number of generations N g as arising from the contributions to the self-energy diagrams containing either quark or lepton loops (and their supersymmetric partners). To identify the contribution of the tb loop to this term, simply write
where N c = 3 colors. Thus, we identify 1 4 N c as the piece of the term proportional to N g that is due to the tb loop. The rest of this term is then attributed to the lighter quarks and leptons. Finally, the remaining terms in eq. (36) are due to the contributions from the gauge and Higgs boson sector. The final result is [31] 
Inserting this result (and λ 5 = 0) into eq. (4), we obtain the one-loop leadinglogarithmic (1LL) formula for the charged Higgs mass
Since this derivation makes use of the two-Higgs-doublet RGEs for the λ i , there is an implicit assumption that the full two-doublet Higgs spectrum survives in the low-energy effective theory at µ = m W . Thus, I have set N H = 2 in obtaining eq. (39) above. It also means that m A 0 cannot be much larger than m W . 4 The leading logarithms of eq. (39) can be resummed to all orders of perturbation theory by using the full RGE solution to λ 4 (m
Although the one-loop leading-log formula for m H ± [eq. (39) ] gives a useful indication as to the size of the radiative corrections, non-leading logarithmic contributions can also be important in certain regions of parameter space. A more complete set of radiative corrections can be found in the literature [26, 29, 30, 31, 34] . However, it should be emphasized that the radiative corrections to the charged Higgs mass are significant only for tan β < 1, a region of MSSM parameter space not favored in supersymmetric models.
The computation of the neutral CP-even Higgs masses follows a similar procedure. The results of Ref. [37] are summarized below. From eq. (5), we see that we only need results for λ 1 , λ 2 and λ 3 ≡ λ 3 + λ 4 + λ 5 . (Recall that λ 5 = λ 6 = λ 7 = 0 at all energy scales.) By iterating the corresponding RGEs as before, we find 
where 
In the above formulae, the electric charges of the quarks are e t = 2/3, e b = −1/3, and the subscripts t, b, f, g and 2H indicate that these are the contributions from the top and bottom quarks, the other fermions (leptons and the first two generations of quarks), the gauge bosons and the Higgs doublets, and the corresponding supersymmetric partners, respectively. As in the derivation of λ 4 (m 2 W ) above, we have improved our analysis by removing the effects of top-quark loops below µ = m t . This requires a careful treatment of the evolution of g and g ′ at scales below µ = m t . The correct procedure is somewhat subtle, since the full electroweak gauge symmetry is broken below topquark threshold; for further details, see Ref. [37] . However, the following pedestrian technique works: consider the RGE for
This equation is used to run g 2 + g ′2 , which appears in eq. (33), from M SUSY down to m Z . As before, we identify the term proportional to N g as corresponding to the fermion loops. We can explicitly extract the t-quark contribution by noting that
where in the first line of the last expression, the term proportional to 1 corresponds to the t-quark contribution while the term proportional to N g − 1 accounts for the u and c-quarks; the second line contains the contributions from the down-type quarks and leptons respectively. Thus, iterating to one-loop,
Again, we take N H = 2, since the low-energy effective theory between m Z and M SUSY consists of the full two-Higgs doublet model. Eq. (45) was used in the derivation of eq. (41) .
We now return to the computation of the one-loop leading log neutral CP-even Higgs squared-mass matrix. The final step is to insert the expressions obtained in eq. (41) (24)] is much larger than the weak scale. In order to obtain the effective Lagrangian at M weak , we first have to run the various coupling constants to the threshold m A 0 . Then we diagonalize the Higgs mass matrix and express the Lagrangian in terms of the mass eigenstates. Notice that in this case the mass eigenstate h 0 is directly related to the field with the non-zero vacuum expectation value [i.e., β(
and the light CP-even Higgs mass is obtained using m
The RGE in the Standard Model for λ is [39, 40] 16π
where the summation is over all fermions with h f i = gm f i /( √ 2m W ). The RGEs for the gauge couplings are obtained from β g 2 and β g ′2 given in Appendix B by putting N H = 1. In addition, we require the boundary condition for λ at m A 0
is to be evaluated at the scale m A 0 as indicated. The RGE for g 2 + g ′2 was given in eq. (43); note that at scales below m A we must set N H = 1. Finally, we must deal with implicit scale dependence of c 2 2β . Since the fields Φ i (i = 1, 2) change with the scale, it follows that tan β scales like the ratio of the two Higgs doublet fields, i.e.,
Thus we arrive at the RGE for cos 2β in terms of the anomalous dimensions γ i given in eq. (B.6). Solving this equation iteratively to first order yields
The one loop leading log expression for m 2 h 0 = λ(m Z )v 2 can now be obtained by solving the RGEs above for λ(m Z ) iteratively to first order using the boundary condition given in eq. (49). The result is (m
where the term proportional to can be reinterpreted accordingly. The remaining leading logarithmic terms arise from gauge and Higgs boson loops and their supersymmetric partners. The best we can do in the above formulae is to interpret M SUSY as an average neutralino and chargino mass. To incorporate thresholds more precisely requires a more complicated version of eq. (46), which can be easily derived from formulae given in Ref. [37] . The explicit form of these threshold corrections can be found in Ref. [38] . However, the impact of these corrections are no more important than the non-leading logarithmic terms which have been discarded.
The largest of the non-leading logarithmic terms is of O(g 2 m 2 t ), which can be identified from a full one-loop computation as being the subdominant term relative to the leading O(g 2 m
. Thus, we can make a minor improvement on our computation of the one-loop leading-log CP-even Higgs squared mass matrix by taking
where M 2 1LL is the matrix whose elements are given in eq. (46) . One can check that this yields at most a 1 GeV shift in the computed Higgs masses.
Leading Squark Mixing Corrections to the MSSM Higgs Masses
In the case of multiple and widely separated supersymmetric particle thresholds and/or large squark mixing (which is most likely in the top squark sector), new non-leading logarithmic contributions to the scalar mass-squared matrix can become important. As shown in Ref. [37] , such effects can be taken into account by modifying the boundary conditions of the λ i at the supersymmetry breaking scale [eq. (33) ], and by modifying the RGEs to account for multiple thresholds. In particular, we find that λ 5 , λ 6 and λ 7 are no longer zero. If the new RGEs are solved iteratively to one loop, then the effects of the new boundary conditions are simply additive.
In this section, we focus on the effects arising from the mass splittings and q Lq R mixing in the third generation squark sector. The latter generates additional squared-mass shifts proportional to m elements of the CP-even Higgs squared-mass matrix are given by:
where M 2 1LL has been given in eq. (46), and 
Squark mixing effects also lead to modifications of the charged Higgs squaredmass. One finds that the charged Higgs squared-mass obtained in eq. (39) is shifted by To solve these equations, we also need the evolution equations of g s , and g ′ . But, an approximate solution is sufficient for our purposes. Since g ′ is small, we drop it. We do not neglect the h b dependence which may be significant if tan β is large. Then, we can iteratively solve eq. (65) to one loop by ignoring the µ dependence of the right hand side. We find
where α t ≡ h 2 t /4π, etc., and all coupling on the right hand side are evaluated at m t . Similarly, 62), and diagonalizing the resulting squared-mass matrix yields our approximation to the RG-improved one-loop neutral CP-even Higgs squared-masses.
We may also apply our algorithm to the radiatively corrected charged Higgs mass. However, in contrast to the one-loop radiatively corrected neutral Higgs mass, there are no one-loop leading logarithmic corrections to m 2 H ± that are proportional to m 4 t . Thus, we expect that our charged Higgs mass approximation will not be quite as reliable as our neutral Higgs mass approximation.
Let us now compare various computations of the one-loop corrected light CPeven Higgs mass. In the first set of examples, all squark mixing effects are ignored. First, we evaluate two expressions for the RG-unimproved one-loop Higgs massthe one-loop leading log Higgs mass calculated from M 
In many analyses of M 2 1LT and M 2 1LL that have appeared previously in the literature, the Higgs mass radiative corrections were evaluated with the pole mass, m t . Some have argued that one should take m t to be the running mass evaluated at m t , although to one-loop accuracy, the two choices cannot be distinguished. Nevertheless, because the leading radiative effect is proportional to m 4 t , the choice of m t in the one-loop formulae is numerically significant, and can lead to differences as large as 10 GeV in the computed Higgs mass. In Ref. [38] , the choice of using m t (m t ) as opposed to m pole t (prior to RG-improvement) is justified by invoking information from a two-loop analysis. Thus, our numerical results for the light CP-even Higgs mass before RG-improvement are significantly lower (when M SUSY is large) as compared to the original computations given in the literature, for fixed m pole t . We have taken m t (m t ) = 166.5 GeV in all the numerical results exhibited below. We then apply our algorithm for RG-improvement by replacing m t and m b by the appropriate running masses as specified in eqs. (62) The reader may worry that this value is too large in light of our perturbative treatment of the squark mixing. However, comparisons with exact diagrammatic computations confirm that these results are trustworthy at least up to the point where the curves reach their maxima. From a more practical point of view, such large values of the mixing are not very natural; they cause tremendous splitting in the top-squark mass eigenstates and are close to the region of parameter space where the SU(2)×U(1) breaking minimum of the scalar potential becomes unstable relative to color and/or electromagnetic breaking vacua [41] . In Figs. 4 and 5, µ = −1 TeV, i.e., as X t ≡ A t − µ cot β varies, so does A t . In fact, for m A 0 ≫ m Z , the dominant one-loop radiative corrections to m 2 h 0 depend only on X t and M SUSY [see eq. (60)], so that for fixed X t , the µ dependence of m h 0 is quite weak. This is illustrated in Fig. 6 . For values of m A 0 ∼ O(m Z ), the µ dependence is slightly more pronounced (although less so for values of tan β ≫ 1) as illustrated in Fig. 7 . We also display m h 0 as a function of M SUSY for a number of different parameter choices in Fig. 8. In Fig. 9 , we exhibit the tan β dependence of m h 0 for two different choices of X t . Again, we notice that our approximate formula [eq. (62)], which is depicted by the dot-dashed line, does remarkably well, and never differs from the numerically integrated RG-improved value (solid line) by more than 1.5 GeV for M SUSY ≤ 2 TeV and tan β ≥ 1.
In summary, when the algorithm given by eqs. (62) and (63) is applied to the leading log one-loop corrections plus the leading terms resulting from squark mixing, the full (numerically integrated) RG-improved value of m h 0 is reproduced to within an accuracy of about 2 GeV (assuming that supersymmetric particle masses lie below 2 TeV). The methods described above also yield accurate results for the mass of the heavier CP-even Higgs boson, m H 0 . The approximation to the radiatively corrected charged Higgs mass is slightly less accurate only because the leading m t enhanced terms are not as dominant as in the neutral Higgs sector. 8 
Implications of the Radiatively Corrected Higgs Sector
Using the results of sections 4 and 5, one can obtain the leading radiative corrections to the various Higgs couplings, and proceed to investigate Higgs phenomenology in detail. Here, I shall describe the procedure used to obtain the Higgs couplings and briefly indicate some of the consequences. To obtain radiatively corrected couplings which are accurate in the one-loop leading logarithmic approximation, it is sufficient to use the tree-level couplings in which the parameters are taken to be running parameters evaluated at the electroweak scale. First, I remind the reader that tan β and m A 0 are input parameters. Next, we obtain the CP-even Higgs mixing angle α by diagonalizing the radiatively corrected CP-even Higgs mass matrix. With the angle α in hand one may compute, for example, cos(β − α) and sin α. These results can be used to obtain the Higgs couplings to gauge bosons [eq. (14) ] and fermions [eq. (15)]. Finally, the Higgs self-couplings [see Appendix A] are obtained by making use of the λ i evaluated at the electroweak scale. The end result is a complete set of Higgs boson decay widths and branching ratios that include one-loop leading-log radiative corrections.
The Higgs production cross-section in a two-Higgs-doublet model via the process e + e − → Z → ZH 0 (Zh 0 ) is suppressed by a factor cos 2 (β − α) [sin 2 (β − α)] as compared to the corresponding cross-sections in the Standard Model. At treelevel, we know that the decoupling limit applies when m A 0 ≫ m Z . In fact, the approach to decoupling is quite rapid as indicated in eq. (28) . For m A 0 > ∼ 2m Z , the couplings of h 0 to vector bosons and to quarks and leptons are phenomenologically indistinguishable from those of the Standard Model Higgs boson. Including radiative corrections does not alter this basic behavior, although one finds that cos 2 (β − α) → 0 more slowly as the radiative corrections become more significant.
When radiative corrections have been incorporated, new possibilities arise which did not exist at tree-level. One example is the possibility of the decay h 0 → A 0 A 0 , which is kinematically forbidden at tree-level but is allowed for some range of MSSM parameters [26, 42] . We can obtain the complete one-loop leading-log expression for the h 0 A 0 A 0 coupling (assuming m A 0 < ∼ m Z ) by inserting the one-loop leading-log formulae for the λ i into eq. (A.1) [42] 
If kinematically allowed, h 0 → A 0 A 0 would almost certainly be the dominant decay mode. However, the LEP experimental lower bound on m A 0 now lies above 0.5(m h 0 ) max ≃ 62.5 GeV. Thus, the region of parameter space where the decay h 0 → A 0 A 0 is kinematically allowed is no longer viable. The possibility of measuring the h 0 A 0 A 0 couplings at a future e + e − linear collider by detecting double Higgs production has been discussed in Ref. [43] . Unfortunately, the prospects are poor due to low cross-sections and significant backgrounds.
For the heavier Higgs states, there are many possible final state decay modes. The various branching ratios are complicated functions of the MSSM parameter space [44] . For example, a plot of the branching ratios of H 0 , with the leading oneloop radiative corrections included, can be found in Ref. [45] . This plot indicates a rich phenomenology for heavy Higgs searches at future colliders. The precision measurements of Higgs masses and couplings will be one of the primary tasks of the LHC and future lepton-lepton colliders [46, 47] Although the possibility of a light Higgs discovery at LEP still remains, the effects of the radiative corrections may be significant enough to push the Higgs boson above the LEP-2 discovery reach. In this case, the discovery of the Higgs boson will be the purview of the LHC. Of course, if low-energy supersymmetry exists, then LHC will also uncover direct evidence for the supersymmetric particles. In this case, a detailed examination of the Higgs sector, with precision measurements of the Higgs masses and couplings, will provide a critical test for the underlying supersymmetric structure. Unlocking the secrets of the Higgs bosons will help reveal the mechanism of electroweak symmetry breaking and the nature of the TeV scale physics that lies beyond the Standard Model.
B Renormalization Group Equations
In this Appendix, I have collected the one-loop renormalization group equations (RGEs) that are needed in the analysis presented in this paper [39, 48, 37] . Schematically, the RGEs at one-loop take the form dp i dt = β i (p 1 , p Moreover, in deriving the µ < M SUSY equations, it was assumed that the effective low-energy theory at the scale µ includes the full two-doublet Higgs sector (but does not include the supersymmetric particles, whose masses are of order M SUSY ). Finally, I list the RGEs for the Higgs self-couplings of the general two-Higgs doublet model (with the Higgs-fermion couplings as specified above). First, I need to define the anomalous dimensions of the two Higgs fields: 6) where the sum over i is taken over three generations of quarks (with N c = 3) and leptons (with N c = 1). The β-functions for the Higgs self-couplings in the general CP-conserving non-supersymmetric two-Higgs-doublet model (with the Higgsfermion couplings as specified in section 2) are given by
